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ABSTRACT 

There exist myriads of off-shell worldline supermultiplets for (A^ < 32)-extended su- 
persymmetry in which every supercharge maps a component field to precisely one 
other component field or its derivative. A subset of these extends to off-shell world- 
sheet (p, g)-supersymmetry and is characterized by the twin theorems 2.1 and 2.2 in 
this note. The evasion of the obstruction defined in these theorems is conjectured to 
be sufficient for a worldline supermultiplet to extend to worldsheet supersymmetry; 
it is also a necessary filter for dimensional extension to higher-dimensional space- 
time. We show explicitly how to "re-engineer" an Adinkra — if permitted by the twin 
theorems 2.1 and 2.2 — so as to depict an off-shell supermultiplet of worldsheet {p,q)- 
supersymmetry. 



PACS: ll.30.Pb, 12.60.Jv 



1 Introduction, Results and Summary 



When eating an elephant, take a hite at a time. 

. . . and keep an eye on the elephant. 

— Anonymous 



Supersymmetry has been studied for almost four decades in physics and more than that in math- 
ematics, yet there is still no complete theory of off-shell representations. That is, the complete 
off-shell structure of supermultiplets is known only for a low enough total number of supercharges, 
counting independent components of spinors separately [1,2,3,4,5] . To remedy this, Ref. [6] pro- 
posed to dimensionally reduce to Id (worldline) supersymmetric Quantum Mechanics, obtain a 
complete off-shell representation theory, then dimensionally extend^ back to the spacetime of de- 
sired dimensionality, employing the geometric fact that all higher-dimensional spacetimes include 
continua of worldlines. 

In this spirit, Refs. [9,10,11,12,13,14] developed a detailed classification of a huge class (~ 10^^ 
for no more than 32 supersymmetries) of worldline supermultiplets wherein each supercharge maps 
each component field to precisely one other component field or its derivative, and which are faithfully 



^In a bout of chemical inspiration, Ref. [6] used the term "oxidization" as the reverse of dimensional 
reduction. Subsequently, "enhance" was used in Refs. [7,8] . Herein, "extend" and "extension" will be 
used instead, in their standard group-theoretic, representation-theoretic and geometric sense. 
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represented by graphs called Adinkras; see also [15,16,17,18,19,20,21]. The subsequently intended 
dimensional extension has been addressed recently [7,8] , and the purpose of the present note is to 
complement this effort and identify an easily verifiable obstruction to dimensional extension. 

To this end, we focus on the worldline to worldsheet extension, being that all higher-dimensional 
spacetimes include worldsheets, which in turn include worldlines. Worldsheet dimensional extension 
is thus a stepping stone towards dimensional extension to higher-dimensional spacetimes. Of course, 
worldsheet supersymmetry is also important in its own right [22,23,24,25] and affords comparison 
with numerous known results; see Refs. [26,27,28,2,5,29,30,31,32,33,34], to name but a few. 

The paper is organized as follows: Requisite definitions and notation are provided in the re- 
mainder of this introduction, whereupon Section 2 presents the main result (twin theorems 2.1 
and 2.2, and Corollary 2.1), a criterion that all worldsheet supermultiplets must satisfy. Section 3 
illustrates the use of this criterion by presenting the case of dimensional extension from worldline 
N = 4 supersymmetry without central charges to worldsheet (2, 2)-supersymmetry without central 
charges. Section 4 illustrates the ease of use of this criterion in {Ak, 4/c)-supersymmetric examples. 
Our conclusions are summed up in section 5, and technically more involved (and explicit) details 
are deferred to the appendix. 

Notation and Definitions: We study off-shell and on-the-half-shell [34] linear and finite-dimensional 
representations of the centrally unextended (1, l|p, g)-supersymmetry, i.e., the worldsheet {p,q)- 
extended super-Poincare symmetry generated hj p Majorana-Weyl (real, 1-component), left-handed 
superderivatives^ Da+, <? Majorana-Weyl right-handed ones, D^_, and the light-cone worldsheet 
derivatives dj^ and d= . Amongst these, 

{ D,+ , } = 2z d^, { , } = 2z 5.^ d= , (1) 

are the only nonzero supercommutators. Being abelian, worldsheet Lorentz symmetry Spin{l, 1) ~ 
GL(1;M) (the multiplicative group of nonzero real numbers, i.e., the non-compact cousin of 

f/(l)) has only 1-dimensional irreducible representations, upon each of which it acts by a multi- 
plicative real number [36,37] . Eigenvalues of the Lorentz generator are called spin for simplicity: 

spin(D«+) = +1 = - spin(Di_), spin(9=^) = +1 = - spin((9= ), (2) 

where the "±" subscripts count spin in units of ±|/i; superscripts count oppositely. We emphasize 
that the a and a indices count "internal" (not spacetime) degrees of freedom. In addition to spin, 
all objects also have an engineering (mass-) dimension, defined by 

[D«+] = H [Da-], [d+] = l = m (3) 

The operators in (1) are first order differential operators in (1, l|p, g)-dimensional superspace, and 
act on superfields etc. Component fields 

0:=$|, C:=^D„+^I, V-A-^D^-^I. ■■■ - |[Da+, D/3+]$|, etc., (4) 

^While not strictly necessary to use superdifferential operators to study supersymmetry, we find it 
simpler to do so, and there is no loss of generality: supersymmetry implies superspace [35] . 
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are — up to numerical factors chosen for convenience — defined by projecting the 

D-'b := Di^; A • • • A D//Dii^ A ■ ■ • A D^J, a„, G {0, 1}, (5) 

super derivatives of the superfields to the (1, 1|0, 0)-dimensional (purely bosonic) worldsheet. A 
worldsheet superfield is off-shell if it is subject to no worldsheet differential equation (one involving 
dj^ and/or d= , but neither Dq,+ nor If it is subject to only unidextrous worldsheet differential 

equations [28,31] (involving either dj^ or d= but not both), it is said to be on the half-shell [34]; 
such superfields are not off-shell in the standard field-theoretic sense on the worldsheet, but are 
off-shell on a continuum of unidextrously embedded worldlines and can provide for dynamics not 
describable otherwise [38] . Calling a superfield, operator, expression, equation or another construct 
thereof ambidextrous emphasizes that it is not unidextrous. 

Adinkras: Adinkraic supermultiplets admit mutually compatible bases of component fields and su- 
persymmetry generators, such that each supersymmetry generator maps each component field to 
precisely one other component field or its spacetime derivative. All such worldline supermulti- 
plets are faithfully depicted by Adinkras (see Table 1), which are far more compact and com- 



Adinkra Supersymmetry Action 


Adinkra Supersymmetry Action 








^A 




f ^ 

r. D/ 
6a 






-i^B_ 






*A 








QA 

i\ D/ 
9b 


^A 




'-i-^B 





The edges may labeled by / or drawn in the /* color. 



Table 1: Adinkras depict supermultiplets (6) by assigning: (white/black) vertices -f-T- (boson/fermion) 
component fields; edge color /index o D/; edge dashed o c = —1; nodes are placed at heights equal to 
the engineering dimension of the corresponding component field, thus determining A in Eqs. (6). 



prehensible than the often very large systems of supersymmetry transformation rules that they 
depict. The present note explores adopting this graphical tool for worldsheet supermultiplets. As 
done e.g. in [1,33,39], we introduce a collection of otherwise intact (i.e., unconstrained, ungauged, 
unprojected. . . ) component superfields, and correspond the supersymmetry transformation with 
super derivative constraint equations'^ 

D,$A = z(L,)/(9i-^*g) 1 ^ f Q,0^=-(L,U^(91-Vb), 0a:=$a|, 
D,*^ = (L7i)/(9,^$^) j \ g,VB = -^(L7i)/(9,VA), V'b:=*bI, 

where the exponent A = 0, 1 depends on /, A, B, and the matrices Lj have exactly one entry, ±1, 
in every row and in every column. This type of (adinkraic) supersymmetry action is then depicted 

■^The correspondence (6) derives from the superspace relation Q = iD + 29-^ between supercharges Q 
and superderivatives, and the fact that if the D act from the left then the Q act from the right [1,4] . 
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using the "dictionary" provided in Table 1. For example, 



D2$ = ^*2, (7a) 

D2 *i = -F, (7b) 

D2 *2 = ^, (7c) 

D2F = -z*i, (7d) 



D2Si = iH2, (8a) 

02^2 = -^ Hi, (8b) 

D2Hi = -S2, (8c) 

D2H2 = Si, (8d) 

define two clearly distinct worldline N=2 supermultiplets. Since all nodes of an Adinkra are always 
placed at heights proportional to the engineering dimensions of the component fields that they 
represent, we may use 'height' and 'engineering dimension' interchangeably. In the superdifferential 
systems (7)-(8), all superfields ^'j, i^, Sj, Hj may be chosen to be real, as seen by writing the 
super derivative action in terms of supercommutators, so that 

(D,$) := [D,, (*,)t = [(-^D,), = i-tDj^] = -[iDj, $] = (9a) 

(Di*2):={Di,*2}, (F)t = {Di,*2}^ = {*LDU = +{Di,*2} = i^, etc. (9b) 

Given the comparative brevity and ease of comprehension, supersymmetry transformation rules 
such as (7)-(8) will subsequently be depicted by Adinkras rather than written out explicitly; see 
the appendix for examples of the relation Adinkra <f-)- explicit equations. This formulation affords 
writing supersymmetric Lagrangians in the manifestly supersymmetric fashion, in superspace [1,4] . 

Given the obvious distinction between the Adinkras (7) and (8) we refer to nodes drawn at the 
same height as being on the same level; the number of levels then counts the number of distinct 
engineering dimensions of the component fields in a supermultiplet [18,10] . 

2 An Obstruction for Extension to Worldsheet Supersymmetry 

Worldlines and worldsheets — unlike higher-dimensional spacetimes — have in common the abelian 
nature of the Lorentz groups, Spin{l,0) ~ Z2 and Spin{l,l) ~ respectively, whereupon all 
physical quantities may be parametrized in terms of independent real 1-component variables. In 
addition, the operator dr transforms as the trivial representation of the worldline Lorentz group 
Spin{l,0), which underlies the classification efforts of Refs. [10,12,13,14]. However, the operators 
dj^ and d= do not transform trivially under the worldsheet Lorentz group Spin{l, 1), having spin +1 
and —1, respectively, and this induces the key differences between any classification of worldsheet 
supermultiplets and classifications of representations of worldline supersymmetry; see also the "bi- 
filtration" of Ref . [11]. 



and 
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Herein, this feature is employed as a filter to distinguish those worldhne off-shell supermultiplets, 
say from the huge^ collection of Refs. [12,13,14] that do extend to worldsheet off-shell supermulti- 
plets, some of which would possibly further extend to higher-dimensional off-shell supermultiplets. 

In particular, the combinatorial explosion of worldline supermultiplets [12,13,14] owes also to 
the fact that replacing a worldline field with its derivative, h-> = {dr<f)), only changes the 
engineering dimension of the field and produces only minor, though important changes in the 
supersymmetry relations [41]. By contrast, replacing a worldsheet field with either {d^(f)) or 
{d= (p) changes both the engineering dimension and the spin of the relevant field: 

spin(c}=|=0) = spin(0) + 1, and spin(9=0) = spin(0) — 1. (10) 

Replacements such as i— )■ {d^cj)) and ^ {d=(f)) will then — in general — obstruct the supersym- 
metry relations! For example, consider the {p,q) = (1, 1) case (7): 




Let us discuss the meaning of this diagram with some care. If the central Adinkra is taken to depict 
a worldline N = 2 supermultiplet, the node $ could be "lifted" to obtain the Adinkras to the right 
or left, wherein both and d= would be dr and the Adinkra on to the right would be identical 
with the one to the left. 



In the context of a representation of worldsheet (1, l)-supersymmetry, either dj^ or d= can be 
used as shown in the Adinkras to the left and to the right, respectively. The use of distinct partial 
derivatives then leads to the distinct diagrams as shown. It is easy to see that in these diagrams 
all the edges — except for the ones flagged by a question-mark — do depict the action by either D+ 
(red) or D_ (blue), such as: 

(*+ := D+$) ($± := D+D_$), (*+ := D+$) ^ (id^^), etc. (12) 

However, the edges flagged by the question-marks 

(*_ := D_$) — > (id^^), and (*+ := D+$) — > {id=^) (13) 

evidently require a spin-(±|) operator^ of engineering dimension of which there are none 
within the supersymmetry algebra (1); tracing along the Haag-Lopusahski-Sohnius theorem [42] 
shows that no such local operator exists. Thus, in adinkraic worldsheet {p, g)-supermultiplets for 

''The sheer number, > 10"^^, of distinct real worldline supermultiplets — which come in > 10 equivalence 
classes — is daunting [12,13,14] . This is further multiplied by a combinatorially growing abundance of 
height assignments, as well as added structures, such as complexification and group actions, which further 
diversify the possible interactions; see for example [29,40] for direct consequences of this fact. 

■^The component superfields in (11) were drawn with relative horizontal position proportional to spin. 
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p, g 7^ 0, height [i.e., engineering dimension) rearrangements are much more restricted than they 
are in the worldhne case [9,10,13]. 

More to the point, the inabihty to perform individual "node-raising" (11) leads to: 

Theorem 2.1 Adinkras depicting off-shell supermultiplets of worldsheet {p,q)-supersymmetry 
contain no "ambidextrous 2-color bow-ties": 



(14) 




Proof: Following the edges from $ to X in two different ways, we conclude: 
D+# = = -D_X, = 



D_$ = = D , X, 



spin($)+l = spin(^'_|_) = spin(X)— 1, 
spin(X) = spin($) + 2; 

spin($) — 1 = spin(^'_) = spin(X)+l, 
spin(X) = spin($) — 2. 



(15) 



(16) 



Clearly, Eq. (15) and (16) cannot both be true, i.e., no X can exist to complete the (sub)supermul- 
tiplet as depicted in (14). ^ 

This result may be reformulated in the following useful form: 

Theorem 2.2 (Spin Sum Rule) Within any Adinkra depicting an off-shell supermultiplet of world- 
sheet (p, q)-supersymnietry, to every edge depicting the transformation D/ : Fa — )■ Fb (up to 
worldsheet derivatives and multiplicative constants of convenience), assign the height-weighted 
spin: 

a,,^ := spin{I)j){[FB] - [Fa]), I = (a+), (a-). (17) 
The sum ofdig"^ around any 2-colored closed quadrangle must vanish: 



<yjA +(yiD +<y.jc +<yiB , 



0, (18) 

with no sum on I, J, indicating two edge-colors, i.e., two supersymmetry transformations. 
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For example, in the putative (sub-) Adinkra (14), if we start from X of engineering dimension 
and follow the edges: D+ (straight up), D_ (down left), D+ (straight up), — D_ (down right) through 
the "ambidextrous 2-colored bow-tie," the sum of cTj^^'s is: 

m) m - H)] + H) [H) - (0)] + m) m - i-m + n-i) - m 



+ l + l + l + l = +l^O, ^ spin ((-D_)-i o D+ o (D_)-i o D+), 



(19) 



where the inverses denote that the action (and the spin) of the operator is being reversed, going 
from a higher to a lower node. By way of contrast, the same computation for the diamond-shaped 
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quadrangle in the middle of (11), starting from the bottom node and following counter-clockwise 
gives: 

m) m - hi)] + i-i) m - i-^] + m) [(-d - (o)] + {-d [{-d - (o)] 

= +i-l-i + i = 0, ^spin((-D_)-io(D+)-ioD_oD+). 

The next section will demonstrate the filtering efficiency of theorems 2.1 and 2.2, i.e., Corollary 2.1 
on the particular case of extending worldline = 4 supersymmetry without central charges into 
worldsheet (2, 2)-supersymmetry without central charges. 

In view of their role in theorems 2.1 and 2.2, 

Corollary 2.1 (extension obstruction) The ambidextrous 2-coIor bow-tie sub-Adinkra (14) and 
its numerical counterpoint, Tr^j [ct], is an obstruction for dimensional extension of worldline 
off-shell N -extended supersymmetry without central charge into worldsheet off-shell {p,q)- 
supersymmetry without central charges for p,q ^ 0. 

However, before continuing with explicit examples, few general remarks are in order: 

1. The "spin sum rule" is independent of the "dashing rule" [9,10] whereby the number of 
dashed edges in any quadrangle within any Adinkra must be odd, and which stems from the 
anticommutivity of the D's; see below, at the end of this section. In fact, the above "spin sum 
rule" is unaffected by changes in the solid/dashing assignments. 

2. Since spins are eigenvalues of the Lorentz generator, their engineering dimension weighted sum 
along concatenated edges is the net height-weighted spin of the corresponding D-monomial. 
Each closed path depicts a closed D-orbit^, so that the sum of height-weighted spins along a 
closed path is the trace of the height-weighted Spin{l, l)-action over the given closed D-orbit. 

3. This height-weighted "spin sum rule" generalizes straightforwardly to all higher dimensional 
spacetimes, since every higher- dimensional Lorentz group: 

(a) contains a continuum of Spin{l, 1) subgroups, 

(b) acts on supercharges (Q) and superderivatives (D) admitting the |Z-grading defined by 
the engineering dimensions [D] = +1 = [Q], with dimensionless Lorentz generators. 

The "spin sum rule" must hold for all Spin{l, 1) C Spin{l,d—1) subgroups. The "remaining" 
Spin{l,d—1)/ Spin{l, 1) Lorentz symmetry evidently must also act consistently, which poses 
additional obstructions — presumably generating the criteria of Refs. [7,8] . 

4. In turn, note that both 2-colored unidextrous and ^-colored ambidextrous bow-ties: 




satisfy theorems 2.1 and 2.2, and indeed are perfectly consistent (sub-)Adinkras. 

^An orbit generated by a sequential application of superderivatives is considered closed it if returns to a 
constant multiple of a 5^ 5 "-derivative of the initial component field for some non-negative integers m,n. 
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We than immediately have: 

Corollary 2.2 (valises) Off-shell adinkraic 2-level supermultiplets (so-called valises [12]; also 
called "short multiplets" in Ref. [15] and the default member of the "root superfield repre- 
sentations" of Ref. [43] ) with no gauge equivalence condition can only exist in 1-dimensional 
(no space, one time) models and for unidextrous supersymmetry, which is known to exist only 
in spacetimes of signatures (t, s) with t—s = mod 8; only these cases admit models with 
Majorana-Weyl (real chiral) fermions of only one helicity [44] , and reality (Hermiticity) is 
required for lagrangians of all physically acceptable models. 

For example, the four off-shell supermultiplets of worldsheet (4, 0)-supersymmetry examined in 
Ref. [29] are all valises; they conform to our criterion straightforwardly, since these models exhibit 
unidextrous (chiral) supersymmetry, wherein no "ambidextrous 2-color bow-tie" obstruction (14) 
can exist. Evidently, this implies: 

Corollary 2.3 (unidextrous extension, off-stiell) All off-shell supermultiplets of N -extended world- 
line supersymmetry without central charges extend to off-shell supermultiplets of worldsheet 
{N,0)-supersymmetry without central charges through the unidextrous identifications 

{Dj,dr}^{Bj+,d^}, (22) 

where the d= -action on component (super)fields remains unrestricted. The analogous holds 
for parity-mirrored extension to worldsheet (0, N)-supersymmetry. 

It is also possible to use the unidextrous extension { D/, 9t- } ^ { D/+, } even within a supersym- 
metric theory that does include nontrivial D^_-transformations, but these superderivatives — and 
then also d= — must annihilate the supermultiplet: 

Corollary 2.4 (unidextrous extension, on the half-shell) All off-shell supermultiplets of N -exten- 
ded worldline supersymmetry without central charges extend to supermultiplets of worldsheet 
{N, q)-supersymmetry, for arbitrary q, but such supermultiplets are annihilated by Da- a-nd 
consequently also by d= , so that they are on-the-half-shell [34] . The analogous holds for 
parity-mirrored extension to worldsheet {p, N)-supersymmetry, for arbitrary p. 

Finally, owing to the sweeping extensions in Corollaries 2.3 and 2.4 and the fact that the only 
essential difference between the worldline and the worldsheet Poincare groups is spin, which has 
been accounted for by the twin theorems 2.1 and 2.2 and Corollary 2.1, we conclude: 

Corollary 2.5 The obstruction identified in the twin theorems 2.1 and 2.2 and Corollary 2.1 
is the only obstruction for extending worldline N -extended supersymmetry without central 
charge into worldsheet {p, q)-supersymmetry without central charges, for all p, q. 
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Combinatorial Complexity The dashing rule for turning a "one-hooked hypercube" (where one of 
the vertices is "hooked" while the rest extend freely upward) into an Adinkra [10] is partially 
responsible for the existence of the myriad of Adinkras. The number of ways a hypercube can be 
turned into such an Adinkra was recently calculated by Yan Zhang [45] and found to be: 

#( "one-hooked Adinkras" ) = 2 ■ N\ ■ 2^"'^ (23) 

so that it can be seen a double exponential drives some of the growth with A^. 

In turn, there is also a fast-growing group of equivalences: An A^-cube has 2'^ vertices, each of 
which corresponds to a component field. The component field redefinition of changing the sign of 
a component field also flips the solid/dashed assignment of all the edges incident with that vertex. 
This yields 2^^ distinct sign choices for the component fields. Also, the horizontal rearrangements 
of the nodes within the one-hooked Adinkra, generates another (sub)group of evident equivalences, 
and has Y[k=o (fc")' elements. Thus, the group of equivalences has at least 2^^ ■ H^o (fc^)' elements. 
Finally, note that this huge group of equivalences does not act transitively on the set of all variously 
dashed one-hooked hypercubes, so the number of inequivalently dashed one-hooked hypercubes is 
not simply the ratio of (23) by (22^-11^=0 fflO- ^^ct, all one-hooked N-cubical Adinkras are 
equivalent to each other. 

Adinkras with more complicated height- arrangements depict supermultiplets with more compli- 
cated choices of relative engineering dimension assignments for the component fields. The numbers 
of such inequivalent Adinkras then grows combinatorially with A^; the "node choice group" of 
Ref. [13] was defined to encode the symmetries in arbitrary Adinkras. 

It is then gratifying to note that the severe restrictions on the combinatorial variety of Adinkras 
placed by the twin theorems 2.1 and 2.2 markedly reduce the number of Adinkras that may depict 
off-shell worldsheet {p, g)-supermultiplets for any fixed p, q. Clearly, a computer-aided classification 
of worldsheet supermultiplets akin to the classification of Refs. [10,12,13,46] would highly desirable, 
and hopefully can be implemented by appropriate encoding the results presented herein. 



3 Examples: Worldsheet (2,2)-Supersymmetry 

Ref. [13] depict all adinkraic representations of (A^ = 4)-extended worldline supersymmetry by list- 
ing 28 Adinkras, but without showing (1) the solid/dashed edge distinction, (2) the boson -H- fermion 
flipped versions, (3) the twisted'^ versions of the 4 "half-sized" supermultiplets. This gives a total 
of 2- (24 + 2-4) = 64 distinct Adinkras, still not counting nodal permutations^ . Of these, only: 




''Twisting flips the solid/dashed parity of edges of an odd number of colors in an Adinkra [10] . 
^These are permutations of white and separately black nodes across diff^erent heights; they leave the 
node-per-height count unchanged and horizontal permutations are inconsequential. 
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and their upside-down and boson ^ fermion flipped versions have no ambidextrous 2-colored bow- 
ties, and so satisfy theorems 2.1 and 2.2, respectively. For example, one of the "half-sized" super- 
multiplets from the tables of Ref. [13] that does not pass this requirement is 




which contains two ambidextrous 2-colored bow-ties, as highlighted in the two copies to the right, 
where the edges forming the extension-obstructing "bow-ties" have exaggerated thickness and the 
remaining graph elements are rendered in paler hues. 

We now examine the five Adinkras (24), of which A-C have the chromotopology of a 4-cube, 
while the chromotopologies of D and E are two inequivalent Z2 quotients thereof; see below. Suffice 
it here to say that the first three of these are 1-color-decomposable: they disconnect upon deleting 
all edges of a single color; the last two are 2-color-decomposable. 



Adinkra A: Up to fiipping the sign of the four "inner" four component bosons in the middle row^, 
the nodes in this Adinkra depict the superderivatives used to project component fields [31,10] : 




Herein, the edges (each associated with a superderivative: Di+ ^ red, D2+ ^ green, Di_ ^ blue, 
D2_ ^ orange) connect those superderivatives (5) which differ in precisely that one D. The factor 
^[a,b] jg included in (26) to insure that the component fields (4) projected with the operators (5) are 
real: ^ ^ 

[a,b] := (l^'^l+i), |a,b|:=|a| + |b|, |a|:=f^a„ |b|:=^b^. (27) 

a=l a=l 

Both the operators in (5) and the corresponding component fields of the supermultiplet are stacked 
in the order of increasing engineering dimension, |(|a, b|). Dashed edges indicate the application 
(from left) of the negative of the superderivative associated to such a dashed edge. For example, 
is connected to |[Di+,D2+] by a dashed green (D2+) edge, indicating that 

iDi+ ±BllL^ _ zD2+Di+ = i(Di+D2+ - D2+D1+) = |[Di+, D2+]. (28) 

By applying this tesseract of superderivatives (26) to a single, intact superfield d la Salam and 
Strathdee [47,48] and projecting the result to the worldsheet {i.e., setting the fermionic coordinates 

^Flipping the sign of a component field depicted by the node n also flips the solid/dashed assignment 
of each edge incident to n; edges connecting two sign-flipped nodes remain unchanged. 
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of the super-worldsheet to zero), we obtain the component fields of this famihar supermultiplet. 
The edges in the Adinkra (26) then depict the action of the supersymmetry transformations within 
the supermuhiplet defined by the Salam-Strathdee superfield. Alternatively, we may introduce a 
superfield in place of each node of the tesseract (26): 




whereupon the edges depict the superdifferential relations generalizing (7)-(8). This results in the 
same supermultiplet as defined by the single Salam-Strathdee superfield; the lowest component 
fields in the sixteen component superfields (29) are (up to multiplicative constants for convenience) 
identical with the component fields defined by projection using the tesseract of superderivatives (26), 
applied to a single intact superfield. 

Adinkra B: This Adinkra represents a Da+ ^ Da- mirror pair of distinct (2, 2)-supermultiplets. 
The Adinkra itself is a tensor product of the two Adinkras (7) and (8): 




and it is possible to identify the first factor as depicting the Di+, D2+ action and the second one the 
Di_,D2- action — or the other way around. In this case, boson -H- fermion fiipping coincides with 
upside-down fiipping after some additional judicious component field sign-changes. 

Notice the left-right asymmetry between the DQ,_|_-action (red and green edges) and the Dq,_- 
action (blue and oranao edges). As shown in the appendix, this implies that the real component 
(super)fields depicted by the nodes of the Adinkra may be complexified simultaneously with the two 
real components of Dq+. The appendix also proves that the supermultiplet depicted by (30) is one 
of the two semi-chiral supermultiplets [30,32] , the other one obtained by swapping the assignment 
to the edges Dq_|_ f-)- Dq_. The conjugate supermultiplets are of course obtained by swapping i ^ —i 
in the complex combinations of the component fields and the superderivatives assigned to the edges 
of the left-hand side factor in the tensor product (30); the real Adinkra stays the same. 

Adinkra C: A field redefinition shows this Adinkra to be a direct sum of the Adinkras D and E; see 
Ref. [12,13] for general criteria. This owes to a Z2 symmetry that commutes with supersymmetry, 
which is made manifest by rearranging the nodes of this Adinkra horizontally: 




then flipping the signs of the component fields represented by the encircled four nodes. This produces 
the right-hand side rendition of this Adinkra, which has a perfect literal left-right symmetry, so that 
its right-hand and left-hand halves may be identified — node-by-node and edge-by-edge: 




resulting in a half-sized Adinkra, identical to E in (24). Identifying instead the negative of the right- 
hand nodes with those in the left-hand half flips the solid/dashed parity of only the golden edges, 
yielding Adinkra D in (24). Such projections are fully explored and catalogued in Refs. [12,13] . 

Adinkra D and E: After a complex combination of the component fields, these Adinkras depict the 
chiral and twisted-chiral worldsheet supermultiplets [27] , respectively. Note that the complex com- 
bination of the component fields is consistent with simultaneously combining 

D'^ := Di+ + iD2+ with red and green edges, (33a) 
D'^^ := Di_ + iDo- with blue and orange edges, (33b) 

or the other way around, which however turns out to be equivalent by a simple sign-change in the 
two (auxiliary) component fields corresponding to the two top nodes. 

Remark: The real supermultiplets discussed here may well be endowed with additional structures: 

1. A complex structure indicates the ability to combine the real component fields into complex 
combinations in a way that is consistent with supersymmetry, as done in the example worked 
out in the appendix. If possible, the conjugate version is automatically also possible. 

2. A group G- action indicates the property that the component fields and the superderivatives 
may be combined into representations of G: Rb for the bosons, Rp for the fermions and Rs 
for the superderivatives. It then must be the case that: 

Rs®Rb^Rf and Rs®Rf^Rb- (34) 

Ref. [39] uses this approach to construct worldline lagrangians for various types of so-called 
ultra-multiplets, but the approach is equally applicable for worldsheet models, and also for 
models in higher- dimensional spacetime. 

Thus, two supermultiplets may well have identical Adinkras and so be identical as far as super- 
symmetry transformations are concerned, but differ by such additional structures, which are also 
applied to the supersymmetry generators. The simplest such difference is between a complex su- 
permultiplet and its complex conjugate: depicted by the same Adinkra, they differ in having the 
complex structure i vs. —i. 
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4 Examples: Worldsheet (4/r,4fc)-Supersymmetry 

In fact, the filtering role of Theorem 2.1 may be used to "re-engineer" a worldline Adinkra by 
raising/lowering its nodes so that the end result — if possible — faithfully depicts an off-shell super- 
multiplet of worldsheet {p, g)-supersymmetry. 

4. 1 (4, 4) -Supersymmetry 

Start with a valise version of the smallest N = 8 worldline supermultiplet, the so-called "ultramul- 
tiplet" [6] , depicted as 




which was studied extensively in terms of Adinkras in Ref. [39] . As it is, Corollary 2.2 implies 
that this Adinkra can represent an off-shell worldsheet supermultiplet only for (8, 0)- or (0, 8)- 
supersymmetry. Aiming for an off-shell supermultiplet of (4, 4)-supersymmetry, it is clear that the 
edge-colors must be partitioned into two groups (to be identified with Dq+- and D^.-action), such 
that no edges from the first group forms a bow-tie with any of the edges from the second group. 

To this end (although the end result may perhaps appear to be evident), we may start by hiding 
all but two of the edge-colors, and horizontally rearrange the nodes if necessary so as to exhibit the 
regular pattern: 




and associate these edges with Di_|_ and D2+. We now aim to place edges of two more colors — 
to be associated with D3+ and Di+ — in a way that may (and in fact will) form 2-color bow-ties 
amongst themselves, but will permit adding the remaining 4 colors — to be associated with D^_ — 
without forming ambidextrous 2-color bow-ties. Placing edges in the 3rd color in this fashion — and 
maintaining an odd number of dashed edges for every quadrangle, we have: 




where we have raised the white nodes in the right-hand half, anticipating the second (D^^.) group 
of edges to connect the left-hand half to the right-hand half and so avoid forming ambidextrous 
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2-color bow-ties. Edges of the fourth color indeed 



do fit in without connecting the two halves: 




The edges of the remaining four colors, to be associated with may now be added without 
forming two-colored ambidextrous bow-ties, as shown here pair-wise: 




Together, these produce: 




where the nodes have been repositioned horizontally simply to highlight the similarity with the 
left-hand-side Adinkra in (31). Indeed, a careful comparison shows that the Adinkra C in (24) 
depicts the a supermultiplet with the same component field content, but with its supersymmetry 
enhanced from (2,2)- to (4, 4)-supersymmetry in (40). 

In turn, while Adinkra C in (24) decomposes as D © E by virtue of possessing the Z2 symmetry 
that was made manifest in (31), it is not hard to see that the edges depicting the action of the 
additional four supersymmetries in (40) obstruct this symmetry, and thus also the decomposition. 

The Adinkra (40) thus depicts an indecomposable off-shell supermultiplet of worldsheet (4, 4)- 
supersymmetry. In fact, it is also irreducible, since there is no smaller (4, 4)-supermultiplet. 

— -k — 

There currently exists a whole menagerie [26,27,49,50,51,52,53,54,55,56,57,58,59,60,61,62,63] of 
supermultiplets described in the physics literature that all possess the properties of providing a 
linear realization of off-shell worldsheet (4, 4)-supersymmetry with: 

1. a finite number of auxiliary fields, and 

2. with no central charges. 

There exist an even larger literature for on-shell such supermultiplets and/or supermultiplets with 
infinite sets of auxiliary fields and/or central charges. 
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Since we are only concerned with identifying the supermultiplet described graphically in (40), 
we can restrict our consideration to only the papers [26,27] in the description of the menagerie. 
The supermultiplet described graphically in (40) possess (8|8) bosonic/fermionic degrees of freedom. 
This observation alone informs us that only the works in the first two cited papers can be relevant as 
the other supermultiplets possess more off-shell degrees of freedom. We will use the nomenclature 
of [64,65] where these two relevant cases are called the TM-I and TM-II supermultiplets. 

The twisted supermultiplet I {a,7i, (j)\ilJiA\G,Gi^), denoted TM-I, of [27] was described by su- 
persymmetry transformation laws {a,b = ±, i,j,k,i = 1,2 and 7^,7^,7^ are suitable 2x2 Dirac 
matrices while Cij and Cab are 'charge conjugation matrices' [1] , chosen here to be equal to the 
2nd Pauli matrix) 

Aa0 = 2 Cij ip^, DiA(T = -i i^iA, DiA-Ji = (7^)^"^ ^is, (41a) 
AaV-'" = 5^ [ (7^)^^ {d,a) + z(7='7'=)^" (Sevr) ] + i [ 5,^'(7=^)^^G + ] , (41b) 

AaV^; = ^^,(7'=)^^ (9,0), D,aG = -2t (7^7'=)^^ (dciJ^s), (41c) 
AaG/ = 4[6,%' - l5/5/](7^),- (d,^,,). (41d) 



The fields a,n,G are real, and ipiA (and also the -Dj^) are complex and Gi^ form a traceless 
Hermitian matrix of complex fields: 

G,^ = {G/y, = 0. (42) 

The invariant component-level action takes the form 

5tm-i = J dV [ iaDa + iTTDTT + ^000 + t^PiAilT^idc^p^) - - ^^G.^ G/j. (43) 

The twisted multipet II {ip,{pi^XiA\S, P, F), denoted TM-II, [50,53,27] has the following trans- 
formation laws: 

Aa<^ = (7^)a''x«, DiA'^j^ = i [6i''6/ - ^5/5/] XiA, DiAXjB = ^CijCAsF, (44a) 
D\XjB = ^5^(7V)ab(5.v5) + 2{r)AB{da^i) + I^'jCab S + ^5^-(7')ab (44b) 
D,aF = 0, D,aF = -AiCMA^idaX'B), (44c) 
Aa S = -2(7J^^(9,x.b), Aa P = -22(7V)A"(5aX«). (44d) 

where the fields y?, S", P are real, F and Xia are complex and (pi' form a traceless Hermitian matrix 
of complex component fields 

= (yp/)*, = 0. (45) 

An invariant component-level action for this supermultiplet is 

5tm-ii = j dV [yU^ + ^,'U^,^ + ^x^A{lT^{^,tB) - \{S^ + P^ + FF)'\. (46) 



As first noted in [50,53] and discussed in [64,65] , these supermultiplets in two dimensions are 
easily shown to be usefully inequivalent in the sense of Ref. [66] — i.e., there exist lagrangians that 
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involve combinations of such supermultiplets that cannot be transformed by field redefinition into 
lagrangians that involve only one type of these supermultiplets. For example, using both the TM-I 
and TM-II supermultiplets, it is possible write a supersymmetric mass term of the form 

'5S = ^Mo j dV [aS-nP-l{^F + ^F)-y,^G/-^G + 2{iJi^x''' + h.c.)]. (47) 

Via a series of straightforward but involved calculations is can be shown that no such mass term 
exist using solely TM-I supermultiplets or TM-II supermultiplets. 

To compare the transformation laws in (41) and (44) with those implied by the graph (40) 
we must work in a real basis where light-cone coordinates of spinors are used. To that end, we 
switch from the complex 1-component Weyl bases Di^jipij^, etc., to 2-component real (Majorana) 
bases D^^, "^i^, etc. In doing so, the two components of the Majorana spinor \E'j+ for each of the 
two values of the index i provide the four left-handed fermions in (40) and \E'j_ provide the right- 
handed ones. In a similar manner the Dj-t-operators in these equations are also 2-component real 
(Majorana) operators, tallying up a total of four left-handed and four right-handed superderivatives, 
corresponding to (4, 4)-supersymmetry and depicted by the total of eight edge-colors in (40). 

In case of (41), we find 

D,±a = Di±7r = Ti{h ® cr^)/ ^j^, (48a) 

Di±0(fl) = ® (T%^ ^j±, D,±0(,) = +i{cT^ ® CT^)^^ ^j±, (48b) 

D,+ G = -2i{h^(T%^{d^^j-), Bi^G = -2i{h^(T^)i'{d=^j+), (48c) 

D.+ Gi^ = +2{a' ® h).'{d^^,_), D,_ G,' = -2{a' ® h).'{d=^,+), (48d) 

D,+ G,l^ = 2i{(T^ ® l2).^(5^*,-), D,_ Gi?,) = -2i{(T^ ® l2).^(5=^,+), (48e) 

D,+ Gil) = ® (T%^{d^'^j-). D,_ Gil) = ® (^%Kd= *i+), (48f) 

where and (f)(i) respectively denote the real and imaginary parts of the complex spin-0 field cf). 
In the same manner Gi^^-j and Gil^ denote the real and imaginary part of the complex spin-0 field 
Gi'. We need not give an exphcit expressions for G2' and 6*2^5 since (42) imphes that = —Gi^ 
and G2^ = {Gi^y. 

The key property — of being adinkraic [10] — of the supersymmetry transformation rules (48) 
is that each supercharge maps each component field to precisely one other component field or its 
derivative; owing to this feature the supermultiplet (41) may be depicted by an Adinkra. Analogous 
remarks apply to the TM-II supermultiplet (44), and that system of supersymmetry transformation 
rules also has a real (Majorana) rendition analogous to (48). 

The fact that both supermultiplets (41) and (44) may be depicted by the same Adinkra (40) 
implies that there is an intimate relation between these two distinct representations of worldsheet 
(4, 4)-supersymmetry. The difference between the two supermultiplets evidently owes to the com- 
plex and tensor structure (the latter indicated by the indices i,j,k,i), which may be employed 
to represent a group action, not unlike those discussed in Ref. [39] , which then serves to further 
distinguish TM-I supermultiplets from the TM-II ones. 

With the appropriate choice of the lagrangian densities (43) and (46), the lower white nodes 
correspond to propagating physical bosons, whereas the upper white nodes depict non-propagating 
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auxiliary component fields; all the fermions (depicted by black circles) then have Dirac-like 1st order 
differential equations of motion. The Adinkra (40) in which the nodes are bundled to reflect the 
real/complex and tensorial nature of (a, vr, Gi^) is then evidently upside-down as compared 

to the same Adinkra in which the nodes are bundled to reflect the real/complex and tensorial nature 
of {(p,(pi^XiA\S,P,F). This feature then depicts the type of duality between the supermultiplets 
TM-I (41) and TM-II (44), which in turn permits the existence of the mass terms (47). In this 
duality, the fermions in the two supermultiplets are simply identified, ipiA ^ Xia, but the corre- 
sponding identification of the bosons, (a, tt, (j)\G, Gi^) ^ {ip, (pi^S, P, F), must be non-local owing to 
the differing engineering (mass) dimensions of the like component fields. These and related topics 
will be explored under a separate cover. 



4.2 (8,8) -Supersymmetry 

In a fashion rather similar to the procedure (35)-(40), it is straightforward to produce two Adinkras 
that depict off-shell supermultiplets of worldsheet (8, 8)-supersymmetry. 

We begin with the valise version of the 64-f64-component = 16 worldline supermultiplet 
with the Es x £^8 chromotopology [12] , and hide all edges but those corresponding to the first few 
supersymmetries: 



OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 



(first two supersymmetries only) 



iiiillMiiii 

(first four supersymmetries only) 



(49) 



(50) 



(first eight supersymmetries only) 

where the 8+8-node blocks have been patterned according to (35) and so use up the edges corre- 
sponding to the eight left-handed supersymmetries. Next we start adding the edges corresponding 
to the right-handed supersymmetries, and lower block after block of 8 bosons, so as to avoid forming 
ambidextrous 2-color bow-ties: 



OOOOVQpopoOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOQOOOOOOQOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOD 




(52) 



some 8+8 blocks remain to be judiciously lowered 



(first ten supersymmetries only) 




Thus, the 9th and 10th color edges indicate the relative positioning of the first four 8+8 blocks. 
Hiding these edges for clarity and revealing the edges corresponding to the 11th and 12th super- 
symmetry indicates which of the next 8-tuples of bosonic nodes need to be 'lowered': 



(54) 




some 8+8 blocks remain to be judiciously 'lowered' 
(first eight plus 11th and 12th supersymmetry only) 



The second half of the 8+8 node blocks will have to follow this relative positioning pattern within 
the right-hand half. Hiding the 11th and 12th color edges, and revealing the edges corresponding 
to the 13th and 14th supersymmetry determines the relative positioning of the 8+8 blocks in the 
right-hand half as compared to the left-hand half: 




(55) 



Finally, swapping 13th and 14th for 15th and 16th supersymmetry verifies that this arrangement 
produces no ambidextrous 2-colored bow-ties: 




WlX'u 
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POODOOOOOOOOOO 




oooooooooooooooo 




(56) 



Thus, the edges of the first eight colors connect nodes within the 8+8-node blocks and do form 
2-colored bow-ties, but all correspond to, say, left-handed supercharges. In turn, edges of the 
latter eight colors connect nodes from a "lowered" 8+8-node block to another that is "higher," and 
these edges depict the action of right-handed supercharges. This then avoids forming ambidextrous 
2-colored bow-ties. Putting this together results in: 



(57) 




In a similarly depicted fashion, we could alternatively proceed as follows: 

oooooooooooooooooooooooooooooooooooooo 



(first two supersymmetries only) 



(58) 




Note the different pattern emerging as more and more edges, to be identified with Dc^-action, are 
added 



7S'""' — 
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(first six supersymmetries only) 



(60) 



OOOOOOOOOOOOOOOOOQOOOOOOOOppOOOOOOQOQQQQOOOOQQOOOOOOOOOOOOOOOOOO 




!5)^^?6§O000O0000O00t>OOO0O0O0O0O00OO006600<50O0OO0000O0OO0O0Oi 



(first eight supersymmetries only) 



(61) 



At this point all eight edges, to be identified with Da+-action, have been added, dividing the nodes 
into two two fairly uniform 32+32-node Adinkras — in sharp distinction from (51). The next eight 
edges, to be identified with D^.-action, are now being added so as to not form bow-ties with the 
previous eight: 




OOOOOOOOOOOOOOOOOOOOOOOOOOOpOOppQOOOOOOOOOOOOOOOOOOOOOOOOOOOODOO 



(62) 



0660000000DOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 



(first ten supersymmetries only) 



swapping 9th and 10th for 11th and 12th supersymmetry: 




swapping 11th and 12th for 13th and 14th supersymmetry: 




19 



swapping 13th and 14th for 15th and 16th supersymmetry: 



ODOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOt 




I 




ittiiii (65) 




Putting this together results in: 



all 16 supersymmetries: 




.Wl (66) 




Both (57) and (66) are 8-fold iterated Z2-quotients (in the manner of (32)) of the 16-cube 
rearranged so that all fermions are at the same height (have the same engineering dimension), while 
the bosons are judiciously partitioned into the "lower" and the "upper" half, so as to exhibit a (Z12)* 
symmetry. The particular (Z2)^-action that has been employed to produce (57) from the 16-cube is 
encoded by the (binary) es + es doubly even linear block code, whereas quotienting by a eie-encoded 
(Z2)^ symmetry results in [12,13]. 

As shown in the procedures (35)-(40), (49)-(57) and (58)-(66), the partitioning of the white 
nodes into the 'lower'(propagating)/'upper'(auxiliary) ones has been unambiguously enforced by 
avoiding the obstruction of Theorem 2.1 while iteratively including the edges corresponding to all 
supersymmetries, for which the supersymmetry action is encoded by the binary codes es, es © eg 
and ei6, respectively. We therefore conclude that the depictions (40) are essentially unique for 
each chromotopology, i.e., each binary code encoding the supersymmetry action [12]. That is, all 
other choices depict supermultiplets that are field redefinitions of those given here — except for the 
twisting [12] , which is alternatively obtained: 

1. either by swapping the white -H- black node assignments, flipping the Adinkra upside-down, 
and then repeating the procedures (35)-(40), (49)-(57) and (58)-(66), 

2. or by swapping the solid/dashed designation of the edges of a single color, corresponding to 
flipping the sign of a single D superderivative. 

Now, Ref. [13] proves that — appearances to the contrary — the valise rendition of (57) depicts a 
worldline supermultiplet that is in fact isomorphic — and by judicious component field redefinitions 
only — to the supermultiplet depicted by the valise rendition of (66). In turn, the Adinkras (57) 
and (66) admit twisted variants that are not equivalent to the un-twisted originals. That the valise 
supermultiplets should be equivalent follows from the fact that the Clifford algebra £1(16, 1) = 
]R(256) ©M(256), thus having precisely two inequivalent 256-dimensional representations — and one 
is obtained from the other by twisting. 
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We conjecture that this isomorphism is not obstructed by the partitioning of the bosonic nodes 
into the "upper" and "lower" half as done in the process (49)-(57) and (58)-(66), so that the 
(64|128|64)-node Adinkra (57) and (66) in fact represent "internally" isomorphic supermultiplets: 
Unlike twisting that requires a redefinition of the basis of superderivatives (and supercharges), 
this isomorphism requires only a component field redefinition. While the chiral and the twisted- 
chiral supermultiplet are usefully inequivalent in that they afford writing Lagrangians that could 
not be written with only one or only the other kind [27] — if the isomorphism between the valise 
renditions of (57) and (66) also holds for their versions depicted in (57) and (66) — these Adinkras 
simply depict two distinct but equivalent bases. If in turn the isomorphism is obstructed by the 
height arrangement of (57) and (66), these then depict genuinely distinct supermultiplets, and 
together with their twisted variants this would imply the existence of four distinct irreducible 
off-shell (64|128|64)-component supermultiplets of worldsheet (8, 8)-supersymmetry. 

A comparison of the off-shell worldsheet (8, 8)-supermultiplets depicted by the Adinkras (57) 
and (66) with the constructions in the literature is beyond the scope of this note, as is the exploration 
of the number of usefully inequivalent variants, as indicated for the supermultiplets (41) and (44). 

4.3 (16,16) -Supersymmetry 

In fact, owing to the generative similarities in the explicit construction of these minimal supermul- 
tiplets of (2,2),- (4,4)- and (8, 8)-supersymmetry and their twisted variants, we conjecture that 
the same construction produces an irreducible off-shell (2^^|2^^|2^'*)-component supermultiplets of 
worldsheet (16, 16)-supersymmetry and its twisted variant. This time, there are actually 85 doubly 
even linear block codes [67,68] that can be used to project the 32-cube folded to the three levels 
such as (57) and (66). This results in 85 distinct Adinkras, together with a twisted variant of each. 

Now, the valise renditions of all 85 Adinkras, projected using respectively the 85 distinct doubly 
even codes, all depict isomorphic worldline supermultiplets, as do their twisted variants, thus merely 
giving varied depictions of only two distinct valise worldline supermultiplets. 

Again, we conjecture that raising a judicious half of the bosons to the "upper" level in each 
of these 85+85 Adinkras does not obstruct this isomorphism, which then extends to the depicted 
worldsheet supermultiplets. If so, then this collection of 85 distinct 3-level Adinkras simply depicts 
85 distinct bases for only one equivalence class of off-shell worldsheet (16, 16)-supermultiplets, and 
the same holds for their twisted variants. 

5 Conclusions 

In the foregoing analysis, the twin theorems 2.1 and 2.2, and Corollary 2.1 have been used to 
filter those worldline off-shell supermultiplets from the huge class of Refs. [12,13,14] that extend 
to off-shell supermultiplets of worldsheet {p, g)-supersymmetry. 

In extending to worldsheet (2, 2)-supermultiplets, only five Adinkras (24) and their boson ■H- fer- 
mion flips (from a total of 64 [13] — not counting numerous nodal permutations!) depict off-shell 
worldsheet (2, 2)-supermultiplets. Of these, Adinkra C decomposes into a direct sum of Adinkras 
D and E. In turn, Adinkras A, B, D and E correspond to the well-known intact (unconstrained, 
ungauged, unprojected. . . ), semi-chiral, chiral and twisted-chiral superfield, respectively. 
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The Reader may find it gratifying that no surprising off-shell (2, 2)-supermultiplets have been 
uncovered by dimensionally extending supermultiplets from the collection of 64 worldline super- 
multiplets of (A^ = 4)-extended supersymmetry [13]. However, this by no means guarantees that 
no surprises will be found for p+q > 4, and the following remarks are in order: 

1. The number of inequivalent chromotopologies of Adinkras is a strongly combinatorially grow- 
ing function of A^: to date, even distributed computing efforts running on supercomputer 
clusters have stalled at A^ = 29 [46] — and this is without considering the combinatorial com- 
plexity involved with assigning different possible engineering dimensions to the component 
(super)fields in a supermultiplet! Even with a filtering based on the obstruction described in 
Corollary 2.1, it is likely that the number of off-shell supermultiplets of ambidextrous world- 
sheet (p, g)-supersymmetry [i.e., when p,q ^ 0) is nevertheless a combinatorially growing 
function of p+q. In turn, for unidextrous {N, 0)- and (0, A^)-supersymmetry, this obstruction 
is always absent and the whole huge class [12,13,14] of worldline off-shell supermultiplets 
extends to worldsheet off-shell supermultiplets. 

2. It is always possible to construct an indefinite number of new supermultiplets by "linear 
algebra": by subjecting direct sums of tensor products of these adinkraic supermultiplets to 
superdifferential constraints, gauging and projection. Such constructions extend the Weyl 
construction from Lie algebra representation theory, the discussion of which is deferred to 
subsequent effort. Suffice it here to say, however, that the well-known linear supermultiplet [1, 
2,3,4] is but a simple example of such a construction, the Adinkra of which does not occur in 
the line-up (24), but which can be constructed in terms of those. 

Comparisons: It is worthwhile comparing the present approach with that of Refs. [7,8] , where 
the line-up of 30 "half-sized" supermultiplets of the (A^ = 4)-extended worldline supersymmetry 
is explicitly tested for extending directly to supermultiplets of N=l supersymmetry in (3+1)- 
dimensional spacetime. These supermultiplets are depicted by the various "nodal permutations" of 
the Adinkras in Figure 1. For these 30 Adinkras, the computations of Refs. [7,8] require numerically 




(4 NP's) (6 NP's) (4 NP's) 




Figure 1 : The four distinct height configurations of the "half-sized" N = 4 Adinkras, their relatively 
twisted variants (such as the chiral and twisted-chiral Adinkras, second from the right) stacked one 
above the other. The number of inequivalent nodal permutations (NP's) are shown in parentheses. 

checking a system of certain 4x4 matrix equations for each Adinkra, which adds up to 2- 30- (2-30) = 
3,600 such 4x4 matrix equations. 
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By contrast, simple inspection reveals that of the Adinkras in Figure 1 only the two shown 
second from the right satisfy the twin theorems 2.1 and 2.2, and for these we must select the red- 
green pair for Dq,+ and the blue- pair for D^_. Any permutation of nodes across the levels 
(other than a simple upside-down flip) necessarily violates these theorems and we conclude that 



are the only distinct "half-sized" = 4 Adinkras that extend to depict worldsheet (2, 2)-supermul- 
tiplets: the second one is the upside-down version of the first, and the fourth one is the upside-down 
version of the third; the right-hand side two are twisted variants of left-hand side two, where the 
solid/dashed parity is flipped for only the golden edges. However, on closer inspection, we note that 
changing the signs of the two right-hand side fermions and the two top bosons turns the second 
Adinkra in the line-up (67) into the left-right mirror image of the first one, proving that these two 
depict the same supermultiplet. Whence only the two "half-sized" Adinkras in the line-up (24) and 
their boson -H- fermion flips extend to depict supermultiplets of worldsheet (2, 2)-supersymmetry. 

As worldsheet supersymmetry is a subset of the = 1 supersymmetry in (3+l)-dimensional 
spacetime, the filtering presented herein (twin theorems 2.1 and 2.2, i.e., Corollary 2.1) provides 
an intermediate step that enhances the criteria of Refs. [7,8] . This effectively reduces the need for 
computations of Refs. [7] , already 30-fold for the lowest- A^ case^^! Being that the huge number of 
Adinkras depends highly combinatorially on A^, this improvement increases dramatically with A^; 
see Section 4 for some (4,4)- and (8, 8)-supersymmetric examples. 

Even in the case of (2, 2)-supersymmetry, a simple inspection of the 64 Adinkras (most of which 
admit many nodal permutations) leaves only the five Adinkras in (24) and their boson -H- fermion 
flips. Furthermore, as shown above in the illustration (32) and guaranteed by the work of Ref. [13] , 
the Adinkra C in the line-up (24) decomposes as a direct sum D © E, so that we only need to 
consider the Adinkras A, B, D, E and their boson -H- fermion flips — a total of eight. We leave it to 
the Reader to tally up the number of numerical criteria d la Ref. [7] required to check this list, and 
the improvement factor afforded by the reduction to (24). 

In turn, the intuitive (see Sections 3 and 4) considerations presented herein suffice for adinkraic 
supermultiplets of all worldsheet {p, q')-supersymmetry, which are not subject to gauge equivalence 
or Bianchi-type self- (anti) duality conditions; these will be addressed under separate cover. 

Summary and Outlook The unpublished work in [43] made an unexpected assertion, bringing to light 
evidence for the existence of a "supersymmetry holography" that was unknown at the time. This 
evidence was garnered from many works referenced here from that period and made on the basis of 
observation of "Garden Algebra" structures found universally in all unconstrained supersymmetric 
quantum mechanical systems [69] . 

Adinkras are graphical representation of these algebraic structures. The correctness of the 
assertion implies that Adinkras are actually holograms of representations of supersymmetry in 

^"Supersymmetry in d-dimensional spacetimes has = 2^^''"'^^^^'^^ M real generators, except for (d— 2) = 
(mod 8) when a model can have half as many chiral supersymmetries, such as on the worldsheet. 




(67) 
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higher dimensional spacetimes. As a hologram, an Adinkra must contain all the information of the 
higher dimensional theory and permit a reconstruction of the higher dimensional theory only from 
the data solely contained in the Adinkra. The works of [7,8] show this in some specific examples 
in the context of 3+1-dimensional, = 1 supersymmetric representations. The current work gives 
a filtering procedure that can be applied to this end to 0+1-dimensional systems, and is expected 
to produce all intact off-shell (p, g)-supermultiplets in 1+1 dimensions. 

Finally, the criterion employed herein (twin theorems 2.1 and 2.2, i.e., the Corollary 2.1) is 
necessary for dimensional extension to higher-dimensional theories (see remark 3 to Corollary 2.1), 
but is evidently not sufficient: For example, Adinkras D and E in the line-up (24), the chiral and 
the twisted-chiral (2, 2)-supermultiplet, cannot both simultaneously extend to (3+l)-dimensional 
spacetime and indeed one of them (depending on the spin-structure) fails the numerical tests of 
Ref. [7] . That is, extension from worldsheet to higher-dimensional supersymmetry does involve ad- 
ditional obstructions, evidently related to the fact that the Lorentz groups in all higher-dimensional 
spacetimes is non-abelian. 
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A The Semi-Chiral Supermultiplet 

The Adinkra (30) defines a supermultiplet by assigning a component superfield to each node: 




(68) 
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and read off the superdifferential relations following the dictionary in Table 1: 
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It is possible to complexify simultaneously the component superfields 

:= ($i+z$2), := (*++^*+), 1?^; := (*r+^*2"), ?^^2- - (70a) 

:= (fi+^f2), r= := (fi=+^f2*), /2 (f3+^f4), S^- := (S++2H+), (70b) 

and also the left-handed super derivatives, D']^ := (Di+ + zD2+), leaving however the Di_, D2--action 
unchanged. This simplifies the Adinkra (68): 




The red-green double edge indicates the complex action of D']^\ by contrast, the action of Di_ 
(blue edges) and ^ (orange edges) is not so paired, which hints at the possibihty that (68) 
is a particularly constrained, but initially complex supermultiplet. The graded dimension count 
(number of real degrees of freedom per height level) suggests that (68) is the Adinkra of the semi- 
chiral supermultiplets [30,32] , and we now turn to prove this. 

Proof (that the Adinkra (68) depicts the semi-chiral superfield): The semi-chiral supermultiplets is 
defined as a complex intact (2, 2)-superfield subject to the single complex superdifferential con- 
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straint [30,32] : 

011!^ = 0. (72) 

Rewriting Dt_ = Di_ — iD2- and = Si +iS2, this is seen to consist of two real superdifferential 
constraints: 

- [1:1: z^'i" 

We use the definitions of real component fields of S: 

5, :=|[Di+,D2+][Di_,D2-]S,|, (74a) 

S-. := l[Di+,D2+]Di_S,|, S+ := i[Di_, D2™]D,+Si|, (74b) 

S= := |[Di+,D2+]S,|, := i[D„+, D^_]S,|, 8+ := i[Di_, D2_]S,|, (74c) 

at := iD^-Sil, ar^ := iD,+Si|, (74d) 

Si:=zDA_Si|, z = l,2. (74e) 

and project the components of the superdifferential constraint by applying the tesseract of su- 
perderivatives (26) on the equation and projecting to the worldsheet. Evaluation of the components 
(with convenient constant pre-factors) of (72) produces, in turn: 
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The identifications noted as implied by earlier identifications or being a copy ( "ditto" ) of a previous 
identification may be dropped. In deriving these, the following operatorial identities were useful: 



[Di+, Di_]Di_ = 2Di+Di_Di_ = 2id= Di+, (76a) 

[Di+, Di_]D2- = 2Di+Di_D2- = [Di_, D2-]Di+, (76b) 

[Di+, D2-]Di_ = 2Di+D2-Di_ = -[Di_, D2-]Di+, (76c) 

[Di+, D2-]D2- = 2D1+D2-D2- = 2id= Di+, (76d) 

[D2+, Di_]Di_ = 2D2+Di_Di_ = 2td= D2+, (76e) 

[D2+, Di_]D2- = 2D2+Di_D2- = [Di_, D2-]D2+, (76f) 

[D2+, D2-]Di_ = 2D2+D2-Di_ = -[Di_, D2-]D2+, (76g) 

[D2+, D2-]D2- = 2D2+D2-D2- = 2td= D2+, (76h) 

[Di_,D2-]Di_ = -2D2-Di_Di_ = -2id='D2-, (76i) 

[Di_,D2-]D2- = 2Di_D2-D2- = 2i9=Di_. (76j) 



These component field level identifications (75) imply the corresponding identifications of the 
nodes in the Adinkras ^(Si) and A{'S2), and "fuse" them by identifying each node from ^(Si) 
that corresponds to a component field appearing in the identifications (75) with precisely one node 
from A{Ti2). In the resulting fusion, A{'Ei)^A{Ti2): 

1. There are (2|6|6|2) nodes per height. For example, the top (fifth level) nodes have been 
identified: Si = (9=5'^) and ^2 = —{d=S^), so that all edges that used to lead to the top 
(fifth) level, now lead to the and 5*^ nodes in the previously middle (third) level. 

2. Each remaining node again has precisely one edge of each kind adjacent to it and so belongs to 
a proper Adinkra, which by the classification of Refs. [10,12] filtered by theorems 2.1 and 2.2 
must be the one in (68). 

This above identification process is depicted below: 




where the curved arrows spanning between ^(Si) and A{'S2) indicate a few of the identifica- 
tions (75); note that these "real part" and "imaginary part" Adinkras were drawn in mirror image 
to each other. The illustration in the middle depicts the result of the identifications, where the 
transported vertices were brought close, but not precisely to their destination so as to show the 
perfect overlay — upon sign-changes in a few component fields consistent with (75). Upon some 
horizontal repositioning of the nodes, the result is the right-hand side Adinkra, which is identical 
with (68), thus proving that this is indeed the Adinkra of the semi-chiral supermultiplet. 
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B Dirac Algebra and Related Conventions 

For the discussion around equations (41)-(48), the following set of conventions for the 7-matrices 
was followed: 

r/„, = diag(l,-l), £.fe£^" = -5[/5fe]^ 5°^ = +1, (78) 
(7'^).'^(7')c" = rt'' - 6^\^')^^. (79) 

The last one of these relations implies 

na = 21, 7V = -^"V (80) 

Moreover, it follows that 

(7')."(7'^)b" = 0, (81) 
(7')a"(7=^)b" = iea.(7')."(7")B"(?)c" = K76)."(7'')c" = . (82) 

Denoting the spinorial metric Cab, some useful Fierz identities are: 
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As an explicit representation, we may define the l+l-dimensional 7-matrices in terms of the 
usual Pauli matrices according to 

(7V = (^V, {l%'^-^{a%^ (7V = (^V- (92) 

The spinor metric Cab and its inverse C'*^ may then be chosen as 

CAB^{a')AB, C-'^^-{ay. (93) 

Using this explicit representation, it is easy to show the following symmetry properties 

{iIab = {l^BA, (7')ab = {i')ba, Cab = -Cba, (94) 

^^yB ^ ^^ayA^ ^^3yB ^ ^^3yA^ ^AB ^ _^BA ^ (gg) 

In a similar manner the following complex conjugation properties can be derived 

[(7").1* = -(7").^ mA^r = +(7^)^", (96) 
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(97) 
(98) 



Due to the relation [(7")^^]* = — (7")a^, we see that this choice of gamma matrices is in a 
Majorana representation and thus the simplest spinors such as il)^{x) may be chosen to be real, i.e., 



and we can raise and lower spinor indices according to 
It then follows that 



(99) 

(100) 
(101) 



Of course, it is always possible to introduce complex spinors also. 

The extraction of light-cone coordinates begins with the observation that 7^ in this set of con- 
ventions is diagonal. This means that our 2-component Majorana spinors can be written as 



i^+{x) 
i/j-ix) 



By defining chiral projection operators via the equations 



it follows that 



ij+{x) 






ip_{x) 



(102) 
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in terms of the one-component Majorana spinors ip+{x) and ip^{x). 
The projection operators satisfy the following relations: 

and project the following worldsheet derivatives: 
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Finally, our rules for manipulating the SU{2) indices are very similar to the ones used for the 
Spiu(l, 1) SL(2,R) spinor indices. The SU{2) metric Cij and its inverse C*^ can be identified as 

a, ^ {a%j, C^^ ^ -{ay\ (111) 

so that 

dj^-Cji, C'^^-C^\ djC''^ ^6iH/ -5Uj\ (112) 
We raise and lower SU{2) indices according to 

^\x) = C^'^jix), ^i{x)^^^{x)Cji, (113) 

that are directly the analogs for raising and lowering indices on SL(2,M) tensors. Note also that 

(C'^y = dj, and {Cij)* = C'^ . (114) 
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